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We give here a construction process for the complex simple Lie
algebras and the non-Hermitian type real forms which intersect the
minimal nilpotent complex adjoint orbit, using a ﬁnite dimensional
irreducible representation of the conformal group, or of some two-
fold covering of it, with highest weight vector a semi-invariant of
degree four. This process leads to a ﬁve-graded simple complex
Lie algebra and the underlying semi-invariant is intimately related
to the structure of the minimal nilpotent orbit. We also describe
a similar construction process for the simple real Lie algebras of
Hermitian type.
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0. Introduction
Let V be a semi-simple complex Jordan algebra with rank less or equal to four. Let Q be a norm
of degree four on V , that is a polynomial, homogeneous of degree four such that Q is normalized by
Q (e) = 1 (where e is he identity element), and satisﬁes the semi-invariance condition Q (P (x)y) =
Q (x)2Q (y) (where P is the quadratic representation of V ) and the trace of Q , which means the
bilinear form 〈x, y〉 = −∂x∂ y log Q |e , is non-degenerate.
Then, the structure group of V can be deﬁned by
L := {g ∈ GL(V ) ∣∣ ∃γ (g) ∈ C, Q (g · z) = γ (g)Q (z)}
and Q is a semi-invariant for L.
If V =∑si=1 Vi is the decomposition of V into simple ideals, then r =∑si=1 ri  4 (where r is the
rank of V and ri the rank of Vi), Q (z) =∏si=1 kii (zi), where i is the determinant polynomial of Vi
and the ki are positive integers such that
∑s
i=1 kiri = 4.
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for each z ∈ V where g is deﬁned, the differential Dg(z) belongs to L. It is a semi-simple Lie group,
generated by L, the group N of translations τa(a ∈ V ) and the conformal inversion given by σ(z) =
−∇ log Q (z). See [M.].
The semi-direct product Pmax = L  N is a maximal parabolic subgroup of K and L is its Lévi
factor.
The group of dilations of V : ht · z = e−t z (t ∈ C) is a one parameter subgroup of L. Put ht =
exp(tH). Then ad(H) deﬁnes a grading of the Lie algebra k of K :
k = k−1 + k0 + k1
with k j = {X ∈ k | ad(H)X = j X}, for j = −1,0,1. Notice that
k−1 = Lie(N)  V , k0 = Lie(L),
Ad(σ ) : k j → k− j
and also that H belongs to the centre of k0. It follows that k is a three-graded Lie algebra, isomorphic
to the classical Kantor–Koecher–Tits Lie algebra.
Let p be the complex vector space generated by the polynomials Q (z − a) with a ∈ V . We ﬁrst
assume that there is a character χ of L such that
Q (l · z) = χ(l)2Q (z) (∀l ∈ L).
Then, the conformal group K acts on p by
(
κ(g)p
)
(z) = μ(g, z)p(g−1 · z)
with
μ
(
g−1, z
)= χ(Dg(z))−1.
In particular
(
κ(τa)p
)
(z) = p(z − a) (∀a ∈ V ),(
κ(l)p
)
(z) = χ(l)p(l−1 · z) (∀l ∈ L),(
κ(σ )p
)
(z) = Q (z)p(−z−1).
This κ is the ﬁnite dimensional irreducible representation of K whose highest weight vector is Q .
It is also the representation IndKP χ obtained by parabolic induction from the character χ of L.
If the character χ of L doesn’t exist, we consider the two-fold-covering group of L deﬁned by
L˜(2) = {(l,α) ∈ L × C∗ ∣∣ α2 = γ (l)−1}.
The group L˜(2) acts on V by (l,α) · z = l · z, then Q ((l,α) · z) = α−2Q (z) = χ˜ (l,α)2Q (z) where
χ˜ (l,α) = α−1 is a character of L˜(2) . Moreover, L˜(2) is a subgroup of a two-fold-covering group of
the conformal group K , called the meta-conformal group of V associated to Q , deﬁned by
K˜ (2) = {(g, φ) ∈ K × O(V ) ∣∣ φ(z)2 = γ (Dg(z))−1}
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(g1, φ1) · (g2, φ2) = (g1g2, φ3), with φ3(z) = φ1(g2 · z)φ2(z).
It is generated by the elements
(l,α) with l ∈ L and α2 = γ (l)−1,
(τv ,1) with v ∈ V ,
(σ , Q ).
Then, we consider the representation κ˜ of K˜ (2) on p deﬁned by
(
κ˜(τv ,1)p
)
(z) = p(z − v) (∀v ∈ V ),(
κ˜(l,α)p
)
(z) = α−1p(l−1 · z) (∀(l,α) ∈ L˜(2)),(
κ˜(σ , Q )p
)
(z) = Q (z)p(σ(z)).
The derived representations dκ and dκ˜ of the Lie algebra k of K on p are equal and will be denoted
by ρ .
The element H of the centre of k0 deﬁnes also a grading of p:
p = p−2 + p−1 + p0 + p1 + p2
where
p j =
{
p ∈ p ∣∣ ρ(H)p = jp}
is the set of polynomials in p, homogeneous of degree j + 2. The subspaces p j are L-invariant and
irreducible for the action of L. Furthermore
κ(σ )
(
κ˜(σ , Q )
) : p j → p− j,
p−2 = C and p2 = C.Q ,
p−1  V and p1  V .
Put E = Q , F = 1, then E, F ∈ p. The main purpose of this paper (Theorem 3.1, Theorem 3.3 and
Proposition 3.2) is to establish the following results:
1. There exists on the vector space g := k ⊕ p a unique Lie algebra structure such that:
(1) [X, X ′] = [X, X ′]k (∀X, X ′ ∈ k),
(2) [X, p] = ρ(X)p (∀X ∈ k, p ∈ p),
(3) [E, F ] = H .
2. The complex Lie algebra g is simple.
3. The Lie algebra g is a ﬁve-graded Lie algebra
g = g2 + g1 + g0 + g−1 + g−2,
[gi,g j] ⊂ gi+ j
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g−2 = C.F , g2 = C.E,
and (E, F , H) is an sl2-triple
[H, E] = 2E, [H, F ] = −2F , [E, F ] = H .
We also describe in Theorem 4.1, the real form gR of g, whose compact part in the Cartan decom-
position is a compact real form kR of k, and for which the sl2-triple (E, F , H) is normal and strictly
normal. Finally, we give (see Table 1) the classiﬁcation of all the simple complex Lie algebras ob-
tained by this construction process. It turns out that we obtain all the non-Hermitian pairs (g, k) with
Omin ∩ gR = ∅, classiﬁed in [B–K] and [B.], Table 4.7 (where Omin is the minimal nilpotent adjoint
orbit of g). The case of a semi-invariant of degree two is also considered. It leads to the Lorentzian
simple real Lie algebras (see Table 2). A similar construction based on a semi-invariant with arbitrary
even degree on a simple Jordan algebra leads to all the Hermitian pairs (g, k) and the simple real Lie
algebras of Hermitian type (see Table 3).
At the end of the paper, we give some applications of our results to representation theory.
One can ﬁnd all the background used here about Jordan algebras in [F–K].
Notice that it is possible to see the statement of Theorem 3.1 as a special case of constructions
of Lie algebras by Allison and Faulkner, using the Cayley–Dickson process to associate a ﬁve-graded
simple Lie algebra to some structurable algebra W , that is W = k0 +p0 in our terminology (see [A–F]).
1. Conformal and meta-conformal groups
Let V be a semi-simple complex Jordan algebra with rank less or equal to four. Let Q be a norm
of degree four on V , that is a polynomial, homogeneous of degree four such that Q is normalized by
Q (e) = 1 (where e is he identity element), and satisﬁes the semi-invariance condition Q (P (x)y) =
Q (x)2Q (y) (where P is the quadratic representation of V ) and the trace of Q , which means the
bilinear form 〈x, y〉 = −∂x∂ y log Q |e , is non-degenerate.
Then, the structure group of V can be deﬁned by
L := {g ∈ GL(V ) ∣∣ ∃γ (g) ∈ C, Q (g · z) = γ (g)Q (z)}
and Q is a semi-invariant for L.
If V =∑si=1 Vi is the decomposition of V into simple ideals, then r =∑si=1 ri  4 (where r is the
rank of V , ri the rank of Vi), Q (z) =∏si=1 kii (zi), where i is the determinant polynomial of Vi and
the ki are positive integers such that
∑s
i=1 kiri = 4.
Let K be the conformal group of V , that is the set of rational transformations g of V such that,
for each z ∈ V where g is deﬁned, the differential Dg(z) belongs to L. It is a semi-simple Lie group,
generated by L, the group N of translations τa(a ∈ V ) and the conformal inversion given by σ(z) =
−∇ log Q (z). See [M.].
The semi-direct product P = L  N is a maximal parabolic subgroup of K and L is its Lévi factor.
The Lie algebra k of K can be written k = k−1 + k0 + k1, with
k−1 = Lie(N), k1 = Lie(σNσ), k0 = Lie(L).
Let p be the complex vector space generated by the polynomials Q (z − a) with a ∈ V .
We ﬁrst assume that there is a character χ of L such that
Q (l · z) = χ(l)2Q (z) (∀l ∈ L).
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(
κ(g)p
)
(z) = μ(g, z)p(g−1 · z)
with
μ
(
g−1, z
)= χ(Dg(z))−1.
In particular
(
κ(τa)p
)
(z) = p(z − a) (∀a ∈ V ),(
κ(l)p
)
(z) = χ(l)p(l−1 · z) (∀l ∈ L),(
κ(σ )p
)
(z) = Q (z)p(−z−1).
This κ is the ﬁnite dimensional irreducible representation of K whose highest weight vector is Q .
It is also the representation IndKP χ
−1 obtained by parabolic induction from the character χ of L.
The derived representation dκ can be obtained on the generators of k as follows:
For all X ∈ k−1, let v ∈ V be such that exp(t X) = τtv , then
(
dκ(X)p
)
(z) = d
dt
∣∣∣∣
t=0
p(z − tv) = −Dp(z)(v).
For all X ∈ k0,
(
dκ(X)p
)
(z) = d
dt
∣∣∣∣
t=0
γ
(
exp
(
t
2
X
))
p
(
exp(−t X) · z)
= Dγ (id) ◦ D(exp)(0)
(
1
2
X
)
p(z) − Dp(z)(D(exp)(0)(X)z)
= 1
2
Dγ (id)(X)p(z) − Dp(z)(X · z).
For all X ∈ k1, exp(t X) = στtuσ with u ∈ V , put ζ = σ(z) then
(
dκ(X)p
)
(z) = d
dt
∣∣∣∣
t=0
(
κ(στtuσ)p
)
(z)
= d
dt
∣∣∣∣
t=0
κ(σ )κ(τtu)
[
Q (z)p
(
σ(z)
)]
= d
dt
∣∣∣∣
t=0
κ(σ )
[
Q (z − tu)p(σ(z − tu))]
= d
dt
∣∣∣∣
t=0
[
Q (z)Q
(
σ(z) − tu)p(σ (σ(z) − tu))]
= d
dt
∣∣∣∣
t=0
[
Q (z)Q (ζ − tu)p(σ(ζ − tu))]
= Q (z)DQ (ζ )(−u)p(σ(ζ ))+ Q (z)Q (ζ )Dp(σ(ζ ))(−P (ζ )−1u)
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= Q (z)Q (z)−1〈z,u〉p(z) − Q (z)Q (z)−1Dp(z)(P (−z)u)
= 〈z,u〉p(z) − Dp(z)(P (z)u).
For the calculation of DQ (ζ )(−u) at the third equality, recall that σ(ζ ) = −∇ log Q (ζ ).
If the character χ of L doesn’t exist, we consider the two-fold-covering group of L deﬁned by
L˜(2) = {(l,α) ∈ L × C∗ ∣∣ α2 = γ (l)−1}.
The group L˜(2) acts on V by (l,α).z = l.z, then
Q
(
(l,α) · z)= α4γ (l)Q (z) = α2Q (z) = χ˜ (l,α)2Q (z)
where χ˜ (l,α) = α−1 is a character of L˜(2) . Moreover, L˜(2) is a subgroup of a two-fold-covering group
of the conformal group K , which will be called the meta-conformal group, deﬁned by
K˜ (2) = {(g, φ) ∈ K × O(V ) ∣∣ φ(z)2 = γ (Dg(z))−1},
equipped with the group law given by
(g1, φ1) · (g2, φ2) = (g1g2, φ3), with φ3(z) = φ1(g2 · z)φ2(z).
Proposition 1.1. For each g ∈ K , the function ψg : z → γ (Dg(z))−1 , holomorphic on V − {z ∈ V |
Dg(z) = 0}, has an analytic continuation to V . Moreover, there exists φg ∈ O (V ), such that ψg = φ2g .
Proof. Using the cocycle property D(g1g2)(z) = Dg1(g2(z))Dg2(z) which implies ψg1 g2 (z) =
ψg1 (g2 · z)ψg2 (z), it suﬃces to prove the proposition for the generators of K .
For g = l ∈ L, Dg(z) = l and ψg(z) = γ (l)−1 for z ∈ V . For g = τv , Dg(z) = idV and ψg(z) = 1 for
z ∈ V . If g = σ , as for each invertible z, Dσ(z) = P (z)−1 and det(P (z)w) = det(z)2 det(w) (cf. [F–K],
Proposition II.3.3), then we get ψg(z) = Q (z)2 which is a polynomial, it follows that ψg has analytic
continuation to V and φg(z)2 = ψ , φg being the holomorphic function φg(z) = Q (z). 
Corollary 1.2. The group K˜ (2) is a two-fold covering of K , which contains the covering L˜(2) of L. Moreover,
K˜ (2) is generated by the elements
(l,α) with l ∈ L, α = γ (l)− 12 ,
(τv ,1) with v ∈ V ,
(σ , Q ).
The group K˜ (2) will be called the meta-conformal group of V , associated to the semi-invariant Q .
The subgroup P˜ (2) generated by L˜(2) and the (τv ,1) is maximal parabolic in K˜ (2) with Levi factor L˜(2) .
We consider the representation κ˜ of K˜ (2) on p deﬁned by
(
κ˜(τv ,1)p
)
(z) = p(z − v) (∀v ∈ V ),(
κ˜(l,α)p
)
(z) = α−1p(l−1 · z) (∀(l,α) ∈ L˜(2)),(
κ˜(σ , Q )p
)
(z) = Q (z)p(−σ(z)).
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vector. It is the representation IndK˜
(2)
P˜ (2)
χ˜ obtained by parabolic induction from the character χ˜ of L˜(2) .
The derived representation dκ˜ can be obtained on the generators of k as follows:
For all X ∈ k−1, let v ∈ V be such that exp(t X) = (τtv ,1),
(
dκ˜(X)p
)
(z) = d
dt
∣∣∣∣
t=0
p(z − tv) = −Dp(z)(v).
For all X ∈ k0,
(
dκ˜(X)p
)
(z) = d
dt
∣∣∣∣
t=0
γ
(
exp
(
t
2
X
))
p
(
exp(−t X)z)
= Dγ (id) ◦ D(exp)(0)
(
1
2
X
)
p(z) − Dp(z)(D(exp)(0)(X)z)
= 1
2
Dγ (id)(X)p(z) − Dp(z)(X · z).
For all X ∈ k1,
(
dκ˜(X)p
)
(z) = d
dt
∣∣∣∣
t=0
(
κ˜
(
(σ , Q ) · (τtu,1) · (σ , Q )
)
p
)
(z)
= d
dt
∣∣∣∣
t=0
(
κ˜
(
(σ , Q )
)
κ˜
(
(τtu,1)
)
κ˜
(
(σ , Q )
)
p
)
(z)
= d
dt
∣∣∣∣
t=0
κ˜
(
(σ , Q )
)
κ˜
(
(τtu,1)
)[
Q (z)p
(
σ(z)
)]
= d
dt
∣∣∣∣
t=0
κ˜
(
(σ , Q )
)[
Q (z − tu)p(σ(z − tu))]
= d
dt
∣∣∣∣
t=0
[
Q (z)Q
(
σ(z) − tu)p(σ (σ(z) − tu))]
= d
dt
∣∣∣∣
t=0
[
Q (z)Q (ζ − tu)p(σ(ζ − tu))]
= Q (z)DQ (ζ )(−u)p(σ(ζ ))+ Q (z)Q (ζ )Dp(σ(ζ ))(−P (ζ )−1u)
= Q (z){Q (ζ )〈−σ(ζ ),−u〉}p(σ(ζ ))− Q (z)Q (ζ )Dp(σ(ζ ))(P(ζ−1)u)
= Q (z)Q (z)−1〈z,u〉p(z) − Q (z)Q (z)−1Dp(z)(P (−z)u)
= 〈z,u〉p(z) − Dp(z)(P (z)u).
Notice that the inﬁnitesimal representations dκ and dκ˜ are equal. In the sequel, we denote this rep-
resentation of k in p by ρ .
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The Lie algebra k = Lie(K ) is the Kantor–Koecher–Tits Lie algebra of V .
We denote by ht the dilation of V : ht .z = e−t z (∀t ∈ C). Then ht ∈ L and ht = etH with H ∈ Lie(L)
and χ(ht) = e−2t . (In the case of the character χ˜ of L˜(2) , we consider h˜t = (ht, e2t) ∈ L˜(2) such that
χ˜ (h˜t) = e−2t .)
We can prove that ρ(H) = E − 2, where E is the Euler operator (E p)(z) = 〈z,∇p(z)〉.
The element H deﬁnes a grading of k:
k = k−1 ⊕ k0 ⊕ k1
with
k j =
{
X ∈ k ∣∣ ad(H)X = j X}, j = −1,0,1.
Notice that
Ad(σ ) : k j → k− j, X → σ Xσ ,
k−1 = Lie(N)  V , k0 = Lie(L), k1 = Lie(σNσ)  V
and that
H ∈ z(k0)
(
centre of z(k0)
)
.
The element H deﬁnes also a grading of p:
p = p−2 + p−1 + p0 + p1 + p2
where
p j =
{
p ∈ p ∣∣ ρ(H)p = jp}
is the set of polynomials in p, homogeneous of degree j + 2. The subspaces p j are L-invariant and
irreducible for the action of L. Furthermore
κ(σ )
(
resp. κ˜(σ , Q )
) : p j → p− j,
p−2 = C, p2 = C.Q , p−1  V , p1  V .
3. The construction process
Let g = k ⊕ p as a vector space. Put E = Q , F = 1, then E, F ∈ p.
Theorem 3.1. There is on g a unique Lie algebra structure such that:
(1) [X, X ′] = [X, X ′]k (∀X, X ′ ∈ k),
(2) [X, p] = ρ(X)p (∀X ∈ k, p ∈ p),
(3) [E, F ] = H.
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(a) ∀X ∈ k−1 , ρ(X)F = 0 and ∀Y ∈ k1 , ρ(Y )E = 0.
(b) ∀X ∈ k−1 , ρ(X)E ∈ p1 and ∀Y ∈ k1 , ρ(Y )F ∈ p−1 .
(c) ∀X ∈ k0 , ρ(X)E = α(X)E and ρ(X)F = −α(X)F with α(X) = − 12 Dγ (id)(X).
Proof. (a) Let X ∈ k−1, then (ρ(X)F )(z) = −DF (z)(v) = 0.
Let Y ∈ k1, then
(
ρ(Y )E
)
(z) = d
dt
∣∣∣∣
t=0
(
κ(σ )κ(τtv )κ(σ )E
)
(z)
= d
dt
∣∣∣∣
t=0
(
κ(σ )κ(τtv )F
)
(z)
= d
dt
∣∣∣∣
t=0
(
κ(σ )F
)
(z) = 0.
(b) Let X ∈ k−1, then for λ ∈ C∗ ,
(
ρ(X)E
)
(λz) = d
dt
∣∣∣∣
t=0
E(λz + tv)
= d
dt
∣∣∣∣
t=0
E
(
λ
(
z + t
λ
v
))
= d
dt
∣∣∣∣
t=0
λ4E
(
z + t
λ
v
)
= λ4 1
λ
d
ds
∣∣∣∣
s=0
E(z + sv)
= λ3(ρ(X)E)(z).
Let Y ∈ k1, then Y = σ Xσ with X ∈ k−1. It follows that (ρ(Y )F ) = κ(σ )ρ(X)E ∈ κ(σ )(p1) = p−1.
(c) Let X ∈ k0, then
(
ρ(X)E
)
(z) = d
dt
∣∣∣∣
t=0
γ
(
exp
(
t
2
X
))
E
(
exp(−t X)z)
= d
dt
∣∣∣∣
t=0
γ
(
exp
(
− t
2
X
))
E(z)
= −1
2
Dγ (id)(X)E(z),
(
ρ(X)F
)
(z) = d
dt
∣∣∣∣
t=0
γ
(
exp
(
t
2
X
))
F
(
exp(−t X)z)
= d
dt
∣∣∣∣
t=0
γ
(
exp
(
t
2
X
))
F (z)
= 1 Dγ (id)(X)F (z). 
2
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(a) ∀p ∈ p1 , ∃!X ∈ k−1 , p = ρ(X)E.
(b) ∀p ∈ p−1 , ∃!Y ∈ k1 , p = ρ(Y )F .
Proof. As p is a simple k-module with highest weight vector E , we can write p = ρ(U(k))E , where
U(k) is the envelopping algebra of k. Using Lemma 1, one can prove that X , Y exist. On the other side,
the linear maps
k−1 → p1, X → ρ(X)E and k1 → p−1, Y → ρ(Y )F
are injective. In fact, let X ∈ k−1 be such that dκ(X)E = 0. Then, for each z ∈ V , ddt |t=0E(z + tv) = 0.
As E(z) =∏si=1 kii (zi), then, denoting by z = (zi) and v = (vi), we get
d
dt
∣∣∣∣
t=0
E(z + tv) = d
dt
∣∣∣∣
t=0
s∏
i=1

ki
i (zi + tvi) = 0
hence, if the zi are invertible,
d
dt
∣∣∣∣
t=0
s∏
i=1

ki
i (zi + tvi) =
s∑
i=1
ki
ki
i (zi) tr
(
z−1i ui
)∏
j =i

k j
j (z j) = E(z)
s∑
i=1
ki tr
(
z−1i vi
)
and then
∑s
i=1 ki tr(z
−1
i vi) = 0, which implies for each zi ∈ Vi ,
∑s
i=1 ki tr(zi vi) = 0, and ﬁnally ∀1 
i  s, ∀zi ∈ Vi , tr(zi vi) = 0, and as the bilinear form tr(xy) is non-degenerate on each Vi , it follows
that for each i, vi = 0, then v = 0 and X = 0 (where tr is the trace form of V ).
Let Y ∈ k1 be such that ρ(Y )F = 0, that is κ(σ )dκ(X)E = 0 where Y = σ Xσ with X ∈ k−1. Then
ρ(X)E = 0 and then X = 0 and Y = 0. 
Lemma 3. The representation ρ : k → End(p) is injective.
Proof. Let X ∈ k be such that ρ(X) = 0. We can write X = X−1 + X0 + X1 with X j ∈ k j . As ρ(k j)(pi) ⊂
pi+ j , we obtain ρ(X−1) = ρ(X0) = ρ(X1) = 0.
The fact ρ(X−1) = 0 implies for all p ∈ p and z ∈ V , Dp(z)(v) = 0 (where exp(t X−1) = τtv ). In
particular, if p(z) = tr(zu) with u ∈ V , then tr(vu) = 0 for arbitrary u, and, as V is semi-simple, that
means the bilinear form tr(uv) is non-degenerate, we get v = 0 and X−1 = 0.
The fact ρ(X0) = 0 which yields ρ(X0)E = 0, then Dγ (id)(X0) = 0. Now, as for each linear form
p on V , ρ(X0)p(z) = 12 Dγ (id)(X0)p(z) + ddt |t=0p(exp(−t X0)z) = 0, and as Dγ (id)(X0) = 0, we have
d
dt |t=0p(exp(−t X0)z) = p(−X0 · z) = 0. If p(z) = tr(zu) with u ∈ V then tr(−X0 · zu) = 0 for each
z,u ∈ V , then X0 = 0.
As X1 = σ Y−1σ with Y−1 ∈ k−1, then the fact ρ(X1) = 0 which yields ρ(Y−1) = 0, then Y−1 = 0
and X1 = 0. 
Proof of Theorem 3.1. We deﬁne the Lie bracket [p, p′] ∈ k for two elements p, p′ of p in such a way
that
[E, F ] = H, [pi,p j] ⊂ ki+ j
and
[
X,
[
p, p′
]] = [[X, p], p′]+ [p, [X, p′]]= [ρ(X)p, p′] + [p,ρ(X)p′] (∀X ∈ k).
k k k
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∀X ∈ k−1,
[
ρ(X)E, F
]= [X, [E, F ]]= [X, H] = X
and the bracket [p1,p−2] ⊂ k−1 is well deﬁned.
∀Y ∈ k1,
[
ρ(Y )F , E
]= [Y , [F , E]]= −[Y , H] = Y
and the bracket [p−1,p2] ⊂ k1 is well deﬁned.
∀X ∈ k−1, p ∈ p0,
[
ρ(X)E, p
]= [[X, E], p]= [X, [E, p]]− [E, [X, p]]= [ρ(X)p, E] ∈ [p−1,p2]
and the bracket [p1,p0] ⊂ k1 is well deﬁned.
∀Y ∈ k1, p ∈ p0,
[
ρ(Y )F , p
]= [[Y , F ], p]= [Y , [F , p]]− [F , [Y , p]]= [ρ(Y )p, F ] ∈ [p1,p−2]
and the bracket [p−1,p0] ⊂ k−1 is well deﬁned.
For all X ∈ k−1, Y ∈ k1,
[
ρ(X)E,ρ(Y )F
]= [X, [E,ρ(Y )F ]]− [E,ρ(X)ρ(Y )F ]
= [X, [E,ρ(Y )F ]]− [E,ρ([X, Y ])F ]
= −[X, Y ] + α([X, Y ])H ∈ k0
and the bracket [p1,p−1] ⊂ k0 is well deﬁned.
∀X, X ′ ∈ k−1,
[
ρ(X)E,ρ
(
X ′
)
E
]= [X, [E,ρ(X ′)E]]− [E,ρ(X)ρ(X ′)E]= 0,
then [p1,p1] = 0.
∀Y , Y ′ ∈ k1,
[
ρ(Y )F ,ρ
(
Y ′
)
F
]= [Y , [F ,ρ(Y ′)F ]]− [F ,ρ(Y )ρ(Y ′)F ]= 0,
then [p−1,p−1] = 0.
The bracket [p0,p0] is then well determined. In fact, for p, p′ ∈ p0, as the restriction of ρ to k0 is
injective, we deﬁne X0 = [p0, p′0] as the unique element of k0 such that ρ(X0) satisﬁes:
ρ(X0)E = 0, ρ(X0)F = 0 and ρ(X0)φ = −
[[φ, p0], p′0]− [p0, [φ, p′0]] ∀φ ∈ p−1 ∪ p1
and its restriction to p0 is then determined because p0 is generated by the brackets [X, p] with
X ∈ k−1, p ∈ p1, and in this case we have
ρ(X0)
([X, p])
= −[[X, p], X0]= −[[X, p], [p0, p′0]]
= −[[[X, p], p0], p′0]− [p0, [[X, p], p′0]]
= [[[p0, X], p], p′0]+ [[X, [p0, p]], p′0]+ [p0, [[p′0, X], p]]+ [p0, [X, [p′0, p]]]
∈ [[[p0, k−1],p1],p0]+ [[k−1, [p0,p1]],p0]+ [p0, [[p0, k−1],p1]]+ [p0, [k−1, [p0,p1]]]
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⊂ [k0,p0] + [k0,p0] + [p0, k0] + [p0, k0] ⊂ [k0,p0] ⊂ p0.
We consider the vector space g = k + p equipped with the bracket deﬁned by
[
X + p, X ′ + p′]= [X, X ′]
k
+ [p, p′]+ ρ(X)p′ − ρ(X ′)p (X, X ′ ∈ k, p, p′ ∈ p).
It remains to prove that the Jacobi identity holds. In fact, as k is a Lie algebra and ρ is a representation
of k in p, it is clear that for X, Y , Z ∈ k,
[
X, [Y , Z ]]= [X, [Y , Z ]k]k = [[X, Y ]k, Z]k + [X, [Y , Z ]k]k = [[X, Y ], Z]+ [X, [Y , Z ]]
and for X, Y ∈ k, p ∈ p,
[
X, [Y , p]]= dκ(X)dκ(Y )p = dκ([X, Y ]k)p + dκ(Y )dκ(X)p = [[X, Y ]k, p]+ [Y , [X, p]].
On the other side, the Lie bracket has been deﬁned such that for X ∈ k, p, p′ ∈ p,
[
X,
[
p, p′
]]= [[X, p], p′]+ [p, [X, p′]].
It remains to establish the identity
[
p′′,
[
p, p′
]]= [[p′′, p], p′]+ [p, [p′′, p′]] ∀p, p′, p′′ ∈ p. (∗)
We prove this identity step by step. First, notice that we can suppose p′′ = E .
In the cases (p, p′ ∈ p2), (p ∈ p2, p′ ∈ p1), (p ∈ p2, p′ ∈ p0), (p ∈ p2, p′ ∈ p−1), (p ∈ p2, p′ ∈ p−2),
(p, p′ ∈ p1), (p ∈ p1, p′ ∈ p0), (p, p′ ∈ p0), the identity (∗) is trivial.
If p ∈ p1 and p′ ∈ p−1 then p = ρ(X)E and p′ = ρ(X ′)F with X ∈ k−1 and X ′ ∈ k1, then
[
E,
[
p, p′
]]= [E, [X ′, X]]− α([X ′, X])[E, H]
= ρ([X ′, X])E − 2α([X ′, X])E
= −α([X ′, X])E
and, as [[E, p], p′] = 0 and [p, [E, p′]] = [p,−X ′] = ρ(X ′)dκ(X)E = ρ([X ′, X])E = −α([X ′, X])E , the
identity (∗) is satisﬁed.
If p ∈ p1 and p′ ∈ p−2 then p = ρ(X)E with X ∈ k−1 and p′ = F , then [E, [p, p′]] = [E, X] =
−ρ(X)E , [[E, p], p′] = 0, [p, [E, p′]] = [p, H] = −[H, p] = −ρ(X)E , then (∗) is satisﬁed.
If p ∈ p0 and p′ ∈ p−1 then p′ = ρ(X ′)F with X ′ ∈ k1, then
[
E,
[
p, p′
]]= [E, [p,ρ(X ′)F ]]
= [E, [X ′, [p, F ]]− [[X ′, p], F ]]
= [E, [−ρ(X ′)p, F ]]
= −[ρ(X ′)p, [E, F ]]
= ρ(X ′)p
and [[E, p], p′] = 0 and [p, [E, p′]] = [p, [E,ρ(X ′)F ]] = [X ′, p] = ρ(X ′)p, then (∗) is satisﬁed.
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−[p, H] = 0, then (∗) is satisﬁed.
If p, p′ ∈ p−1 then p = ρ(X)F , p′ = ρ(X ′)F with X, X ′ ∈ k1 and [E, [p, p′]] = 0, then
[[E, p], p′]= [[E,ρ(X)F ],ρ(X ′)F ]= ρ(X)ρ(X ′)F
and
[
p,
[
E, p′
]]= [ρ(X)F , [E,ρ(X ′)F ]]= −ρ(X ′)ρ(X)F
and, as [X, X ′] = 0, then (∗) is satisﬁed.
If p ∈ p−1 and p′ ∈ p−2 then p = ρ(Y )F with Y ∈ k1 and p′ = F , then [E, [p, p′]] = 0,
[[E, p], p′]= [[E,ρ(Y )F ], F ]= −[Y , F ] = −ρ(Y )F ,[
p,
[
E, p′
]]= [ρ(Y )F , [E, F ]]= −[ρ(Y )F , H]= −ρ(Y )F
and (∗) is satisﬁed.
If p, p′ ∈ p−2 then p = p′ = F , then
[
E,
[
p, p′
]]= 0, [[E, p], p′]= [H, F ] = −2F and [p, [E, p′]]= [p, H] = −[F , H] = −2F
and (∗) is satisﬁed. 
Proposition 3.2. In the Lie algebra g, (E, F , H) is an sl2-triple:
[H, E] = 2E, [H, F ] = −2F , [E, F ] = H .
ad(H) has eigenvalues −2, −1, 0, 1, 2 with respective eigenspaces g−2 , g−1 , g0 , g1 , g2 where
g−2 = p−2, g−1 = k−1 + p−1, g0 = k0 + p0, g1 = k1 + p1, g2 = p2.
The Lie algebra g is ﬁve-graded:
g = g−2 + g−1 + g0 + g1 + g2, [gi,g j] ⊂ gi+ j
such that
g0 = [g−2,g2] + [g−1,g1].
Moreover, the map τ : g → g deﬁned by
τ (X + p) = σ Xσ + κ(σ )p (∀X ∈ k, ∀p ∈ p)
is an involution of the Lie algebra g such that τ (gi) = g−i .
We say that g is the Lie algebra associated to the pair (V , Q ).
Theorem 3.3. The complex Lie algebra g is simple.
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consider
Ip = {p ∈ p | ∃T ∈ I, Tp = p}.
Ip is a non-trivial ρ(U(k))-submodule of p, then is equal to p. In fact, if Ip = {0} then I ⊂ k and
for each X ∈ I and p ∈ p, [X, p] = 0, which means ρ(X) = 0 and, since ρ is injective, (see Lemma 3),
then X = 0. Hence Ip = {0}.
Now, let X ∈ k and p ∈ Ip , then there exists T ∈ I such that Tp = p. Let T = Tk + p ∈ k + p, then
[X, T ] = [X, Tk] + [X, p] = [X, Tk] + ρ(X)p
and as [X, T ] ∈ I , then [X, p] = ρ(X)p ∈ Ip . Finally, as p is a simple ρ(U(k))-module then Ip = p.
It follows that there exist T ∈ I and T ′ ∈ I such that Tp = E and T ′p = F . We denote by T = Tk + E
and T ′ = T ′k + F and with respect to the decomposition k = k−1 + k0 + k1 we can write
Tk = T−1 + T0 + T1 and T ′k = T ′−1 + T ′0 + T ′1.
Then
[H, T ] = −T−1 + T1 + 2E ∈ I and
[
H, T ′
]= −T ′−1 + T ′1 − 2F ∈ I.
It follows that
S = T + [H, T ] = 2T1 + T0 + 3E ∈ I and S ′ = T ′ +
[
H, T ′
]= 2T ′1 + T ′0 − F ∈ I,
[H, S] = 2T1 + 6E ∈ I and
[
H, S ′
]= 2T ′1 + 2F ∈ I,
[H, S] − S = −T0 + 3E ∈ I and
[
H, S ′
]− S ′ = −T0 + 3F ∈ I,
and ﬁnally
[
H, [H, S] − S]= 6E ∈ I and [H, [H, S ′]− S ′]= −6F ∈ I.
Then
E ∈ I, F ∈ I, H ∈ I.
We deduce that for all i = 0, we have gi ⊂ I . Moreover, as p = ρ(U(k))E , then p ⊂ I and in particular
p0 ⊂ I . At last, k0 = [k−1, k1] ⊂ I , and I = g. 
Theorem 3.4. The dimension of g is given by
dimg = 4dim(V ) + 2+ dim k0 + dimp0.
Moreover, if hk is a Cartan subalgebra of k0 which contains H, and if
ap =
{
p ∈ p ∣∣ [X, p] = 0 ∀X ∈ hk}
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rank(g) = rank(k0) + dim(ap).
Proof. The spaces k1, k−1 are isomorphic to V . Moreover, p1 is generated by the ﬁrst order partial
derivatives of Q , p0 is generated by the second order partial derivatives of Q and p−1, which is
generated by the order 3 partial derivatives of Q , is equal to the space of linear forms on V . Then p1
and p−1 are isomorphic to V . As p2 = C.Q and p−2 = C.1, the dimension of g is then given by
dimg = 4dim(V ) + 2+ dim k0 + dimp0
and, if hk is a Cartan subalgebra of k containing H , it is a Cartan subalgebra of k0 and the subspace of
p, deﬁned by
ap =
{
p ∈ p ∣∣ [X, p] = 0 ∀X ∈ hk}
is contained in p0, and is Abelian. It follows that the subalgebra of g given by h := hk + ap is a Cartan
subalgebra of g and rank(g) = rank(k0) + dim(ap). 
4. Cartan-adapted real forms
Let kR be a compact real form of k and denote by u a compact real form of g such that k ∩ u = kR .
We denote by p˜R = p∩ iu and g˜R = kR + p˜R . Then, g˜R is a real form of g whose Cartan decomposition
is just kR + p˜R .
Let G be the adjoint group of g, G˜R the subgroup of G with Lie algebra g˜R , K˜R the subgroup of
G˜R with Lie algebra kR .
Since H belongs to k and E, F belong to p˜C
R
= p, then, following the terminology of Sekiguchi
(see [S.]), the sl2-triple (E, F , H) is normal with respect to the real form g˜R , and by a lemma in that
paper, there exists k ∈ K˜R such that the sl2-triple (Ad(k)E , Ad(k)F , Ad(k)H) is strictly normal, that is
Ad(k)H ∈ ikR , Ad(k)E + Ad(k)F ∈ p˜R and i(Ad(k)E − Ad(k)F ) ∈ p˜R . It follows that
H ∈ Ad(k)−1(ikR) = ikR,
E + F , i(E − F ) ∈ Ad(k)−1(p˜R) =: pR
and that gR := kR + pR is a real form of g, whose Cartan decomposition is kR + pR and the sl2-triple
(E, F , H) is normal and strictly normal with respect to gR .
The Cartan signature of gR is given by
sc = dim(p) − dim(k) = dim(p0) − dim(k0) + 2.
Proposition 4.1. The symmetric pair (g, k) is non-Hermitian.
Proof. It is a consequence of the fact that the decomposition g = k + p is the complexiﬁcation of the
Cartan decomposition of gR and the fact that p is a simple k-module. 
The real form gR of g will be called the Cartan adapted real form. (See Table 1 for the classiﬁca-
tion.)
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The classiﬁcation of the simple complex Lie algebras obtained by this construction process can be given by considering all the
possible cases for V =∑si=1 Vi and Q =∏si=1 kii where ki ∈ N∗ and i is the polynomial determinant of the simple Jordan
algebra Vi . For each case, we determine the dimension and the rank of g, and the Cartan signature of the real form gR .
V Q k g kR gR
C z4 sl(2,C) sl(3,C) su(2) sl(3,R)
C
p−2 (z)2 so(p,C) sl(p,C) so(p,R) sl(p,R)
C
⊕2 z2w2 sl(2,C)⊕2 so(6,C) su(2)⊕2 so(3,3)
C
⊕3 z2uv sl(2,C)⊕3 so(7,C) so(3)⊕3 so(3,4)
C
⊕4 zuvw sl(2,C)⊕4 so(8,C) so(3)⊕4 so(4,4)
C
p−2 + C (z)w2 so(p,C) + sl(2,C) so(p + 3,C) so(p) + so(3) so(p,3)
C
p−2 + C⊕2 (z)uv so(p,C) + sl(2,C)⊕2 so(p + 4,C) so(p) + so(3)⊕2 so(p,4)
C
p−2 + Cq−2 (z)(w) so(p,C) + so(q,C) so(p + q,C) so(p) + so(q) so(p,q)
Sym(4,C) det(z) sp(8,C) e6 sp(8) e6(6)
M(4,C) det(z) sl(8,C) e7 su(8) e7(7)
Skew(8,C) det(z) so(16,C) e8 so(16) e8(8)
Sym(3,C) + C det(z)w sp(6,C) + sl(2,C) f4 sp(6) + su(2) f4(4)
M(3,C) + C det(z)w sl(6,C) + sl(2,C) e6 su(6) + su(2) e6(2)
Skew(6,C) + C det(z)w so(12,C) + sl(2,C) e7 so(12) + su(2) e7(−5)
Herm(3,O)C + C det(z)w e7 + sl(2,C) e8 ec7 + su(2) e8(−24)
C
⊕2 z3w sl(2,C)⊕2 G2 so(3)⊕2 G2(2)
Where p,q 5 and (z) is the standard quadratic form on Cp−2.
5. About the minimal nilpotent orbit
Let G be a connected complex Lie group with Lie algebra g. Then, the adjoint group Gad of g is
given by Gad = G/Z(G). Denote by GadR the connected subgroup of Gad with Lie algebra gR , by Kad
the connected subgroup of Gad with Lie algebra k, and by KadR the maximal compact subgroup of
both GadR and Kad with Lie algebra kR . It is well known, by the Kostant Sekiguchi correspondence
(see [S.]), that there is a bijection between the set of nilpotent Kad-orbits in p and the set of nilpotent
GadR-orbits in gR . Moreover, if O is the minimal nilpotent adjoint orbit in g, then, as the symmetric
pair (g, k) is non-Hermitian, O ∩ p is equal to the Kad-orbit of the highest weight vector in p and
O ∩ gR is the corresponding orbit in gR by the Sekiguchi bijection.
As E is the highest weight vector of the adjoint action of k in p, then
Op := O ∩ p = KadE.
Now, since the sl2-triple (H, E, F ) is normal and strictly normal for the symmetric pair (g, k), then,
the real nilpotent orbit in gR associated to the orbit Kad.E in p by the Sekiguchi bijection is given by
OR := O ∩ gR = GadR.
([
1
2
(E + F + iH)
])
.
A theorem of M. Vergne (see [V.]) gives a canonical KadR-equivariant diffeomorphism (the Vergne–
Kronheimer diffeomorphism) from OR onto Op . (A kind of generalization of the realization of T ∗Rn =
R
2n as Cn .)
In our context, where K is the conformal group and K˜ (2) the meta-conformal group, it is natural
to consider the K -orbit  = κ(K ).E or the K˜ (2)-orbit ˜(2) = κ˜(K˜ (2)).E . As the groups K (K˜ (2)) and
Kad (with same Lie algebra k) are very close (they may be equal or one may be a two-fold covering of
the other), and as the stabilizer of E in K (K˜ (2)) is equal to L′  σNσ , where L′ is the kernel of the
character χ (respectively χ˜ ), then these orbits are ﬁnite order coverings of the minimal orbit O ∩ p.
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Theorem 6.1. Let G˜R be the connected and simply connected Lie group with Lie algebra gR . Assume that
(π,H) is a unitary representation of KR such that its differential dπ extends to an irreducible representation
ρ˜ of g in the space HKR of KR-ﬁnite vectors. Assume that the operators ρ˜(E + F ) and ρ˜(i(E − F )) are skew-
symmetric. Then there exists a unique irreducible unitary representation π˜ of G˜R such that dπ˜ = ρ˜ .
Proof. First, we notice that if the operators ρ˜(E + F ) and ρ˜(i(E − F )) are skew-symmetric, then for
each p ∈ pR , the operator ρ˜(p) is skew-symmetric. In fact, the sl2-triple (H, E, F ) is strictly normal,
and since p = U(k)E , hence pR = U(kR)(E + F ) + U(kR)(i(E − F )) and the assertion follows.
Now, by the Nelson criterion, it is enough to prove that the operator ρ˜(L) is essentially self-adjoint
where L is the Laplacian of gR . Let’s consider a basis {X1, . . . , Xk} of kR and a basis {p1, . . . , pl} of pR .
As gR = kR + pR is the Cartan decomposition of gR , then the Laplacian and the Casimir operators of
gR are respectively given by
L = X21 + · · · + X2k + p21 + · · · + p2l
and
C = X21 + · · · + X2k − p21 − · · · − p2l .
It follows that L = 2(X21 + · · · + X2k ) − C and ρ˜(L) = 2ρ˜(X21 + · · · + X2k ) − ρ˜(C).
As ρ˜(X21 +· · ·+ X2k ) = dπ(X21 +· · ·+ X2k ) and as π is a unitary representation of KR , then the image
ρ˜(X21 + · · · + X2k ) of the Laplacian of kR is essentially self-adjoint. Moreover, since the dimension of
HKR is countable, then the commutant of ρ˜ , which is a division algebra over C has a countable
dimension too, and then is equal to C. It follows that ρ˜(C) is scalar, ρ˜(L) is essentially self-adjoint
and then ρ˜ integrates to a unitary representation of G˜R . 
7. The case of a degree 2 semi-invariant
Suppose that E = Q has degree two. Then χ(ht) = e−t and H deﬁnes a grading on p given by
p = p−1 + p0 + p1
with p−1 = C.F , p1 = C.E and p0  V is generated by the ﬁrst order partial derivatives of Q . We con-
sider the vector space g = k + p and, similarly to the preceding sections, we can prove the following:
Theorem 7.1. There is on g a unique Lie algebra structure such that
(1) [X, X ′] = [X, X ′]k ∀X, X ′ ∈ k,
(2) [X, p] = ρ(X)p ∀X ∈ k, p ∈ p,
(3) [E, F ] = H.
The Lie algebra g, is a simple three-graded Lie algebra.
Moreover dimg = 3dim(V ) + 2+ dim(k0), and, if hk is a Cartan subalgebra of k0 which contains H, and
ap =
{
p ∈ p ∣∣ [X, p] = 0 ∀X ∈ hk}
then h = hk + ap is a Cartan subalgebra of g and rk(g) = rk(k0) + dim(ap).
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V Q k g kR gR
C z2 sl(2,C) so(4,C) su(2) so(3,1)
C + C zw sl(2,C) + sl(2,C) so(5,C) su(2) + su(2) so(4,1)
C
p−2 (z) so(p,C) so(p + 1,C) so(p) so(p,1)
Where p 5.
Moreover, if u is a compact real form of g, then kR = u ∩ k is a compact real form of k, and if we
denote by pR = p ∩ iu, then the real Lie subalgebra of g deﬁned by gR = kR + pR is a real form of g.
Its Cartan decomposition is just kR + pR . The Cartan signature of gR is then given by
sc = dim(p) − dim(k) = 2− dim(k0) − dim(V ).
The symmetric pair (g, k) is non-Hermitian (see Table 2 for the classiﬁcation).
8. Analogy with the Hermitian case
Now, let V be a simple Jordan algebra with rank r, Q a norm of degree 2r and we denote by L
the structure group of V given by
L := {g ∈ GL(V ) ∣∣ ∃γ (g) ∈ C, Q (g · z) = γ (g)Q (z)}.
Let p be the complex vector space generated by the polynomials Q (z − a) with a ∈ V .
As in Section 1, if there is a character χ of L such that
Q (l · z) = χ(l)2Q (z) (∀l ∈ L)
then the conformal group K of V acts on p by the representation κ and if the character χ does not
exist, then we consider the action on p given by the representation κ˜ of the meta-conformal group
associated to the semi-invariant Q . We denote by ρ = dκ = dκ˜ . In particular, L acts on p by the
restriction of κ and for X ∈ l = Lie(L),
(
ρ(X)p
)
(z) = d
dt
∣∣∣∣
t=0
γ
(
exp
(
1
2
t X
))
p
(
exp(−t X)z).
In this case, if ht ∈ L is the dilation of V : ht · z = e−t z and H ∈ z(l) the corresponding inﬁnitesimal
element, then χ(ht) = e−rt and H deﬁnes a grading of p given by
p = p−r + p−r+1 + · · · + p0 + · · · + pr−1 + pr
where
p j =
{
p ∈ p ∣∣ ρ(H)p = jp}
is the set of homogeneous polynomials of degree j + r in p. In particular,
p−r = C, pr = C.Q , p−r+1  pr−1  V .
Let V+ = p−r+1 and V− = pr−1. They are two simple l-modules. We denote by V = V+ + V− and
we consider the complex vector space deﬁned by g˜ = l + V .
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V Q l g˜ lR g˜R
C z2 C sl(2,C) iR sl(2,R)
C
p−2 (z)2 so(p − 2,C) + C so(p,C) so(p − 2) + iR so(p − 2,2)
Sym(r,C) det(z)2 sl(r,C) + C sp(r,C) su(r) + iR sp(r,R)
M(r,C) det(z)2 sl(r,C)⊕2 + C sl(2r,C) su(r)⊕2 + iR su(r, r)
Skew(2r,C) det(z) sl(2r,C) + C so(4r,C) so(2r) so∗(4r)
Herm(3,O)C det(z)2 e6(C)C e7(C) e6(R) + iR e7(−25)
Where p 5.
Theorem 8.1. There is on g˜ a Lie algebra structure such that
(1) [X, X ′] = [X, X ′]l ∀X, X ′ ∈ l,
(2) [X, p] = ρ(X)p ∀X ∈ l, p ∈ V .
The Lie algebra g˜ is a simple three-graded Lie algebra.
Moreover dimg = 2dim(V ) + dim(l), and, if h is a Cartan subalgebra of l, then it is a Cartan subalgebra
of g˜ and then, rk(g˜) = rk(l).
Proof. In fact, as for each p ∈ pr−1 and for each p′ ∈ p−r+1, there is a unique X ∈ k−1 and a
unique X ′ ∈ k1 such that p = ρ(X)F and p′ = ρ(X ′)E (where F = 1 and E = Q ), then we deﬁne
[p, p′] = [X, X ′] ∈ l. Also, for p1 = ρ(X1)E and p2 = ρ(X2)E (with X1, X2 ∈ k−1), we deﬁne the bracket
as [p1, p2] = [X1, X2] = 0 and for p′1 = ρ(X ′1)F and p′2 = ρ(X ′2)F (with X ′1, X ′2 ∈ k1), we deﬁne the
bracket as [p′1, p′2] = [X ′1, X ′2] = 0. Then, the Jacobi identity holds and g˜ is isomorphic to the confor-
mal Lie algebra of V . 
We denote by u˜ a compact real form of g˜. Then, lR = u˜ ∩ l is a compact real form of l and if
VR = V ∩ iu˜, then the real Lie subalgebra of g˜ deﬁned by g˜R = lR + VR is a real form of g˜. Its Cartan
decomposition is just lR + VR . The Cartan signature of g˜R is then given by
sc = dim(V) − dim(l) = 2dim(V ) − dim(l).
Corollary 8.2. The real form g˜R is of Hermitian type.
Proof. It is a consequence of the fact that the decomposition g˜ = l + V is the complexiﬁcation of the
Cartan decomposition of g˜R and the fact that V is a sum of two irreducible representations, V+ and
V− of l. 
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